Particular Solutions to non-homogeneous equations

y = Cqyi(t) + caya(t) + Y(t)
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Notes. Here s is the smallest nonnegative integer (s = 0. 1. or 2) that will ensure that no term in
Y. (1) is a solution of the corresponding homogeneous equation. Equivalently. for the three cases.
s is the number of times 0 is a root of the characteristic equation. « is a root of the characteristic

equation. and & + i is a root of the characteristic equation, respectively.

Variation of Parameters

If the functions p, ¢, and g are continuous on an open interval 7, and if the func-
tions y, and y, are linearly independent solutions of the homogeneous equation (18)

corresponding to the nonhomogeneous equation (16),

"
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+p0)y +q)y = g(1).

then a particular solution of Eq. (16) is

t
Y(t) = __\,l(f)f Y,(1)g(1)
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and the general solution is

as prescribed by Theorem 3.6.2.

Derivatives
Sinu=Cosu*u’
Cosu=-Sinu*u
Tanu=sec’u*u

Secu = (Secu* Tan u)u’
Cscu=- (csc u*cotu)u’
Cotu=- (csc uu’
Arcsinu = U’ /(
Arccosu=-u/(1-
Arctanu=u’/ 1+ u?

Arcsecu = U’/ |u| * (U? = 1)"?
Arccscu=—u'/|u| * u2 1)
Arccotu=—-u'/1+u

v, (t)g(t)
(r)[ dt, 28
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y=c3) + ey, @)+ Y(@),
Integrals
Sinu=-cosu+C
Cosu=sinu+C
Tanu=—In|cosu|+C
Secu=In|secu+tanu|+C
Cscu=—In|cscu+cotu|+C
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Power Reducing Formulas
Sin? u = (1 — cos2u)/2

Cos u = (1+ cos2u)/2

Tan?u = (1 = cos2u)/(1 + cos2u)

Double Angle Formulas
Sin2u = 2sinucosu
Cos2u = cos’u — sin’u

= 2cos’u—1 =1 — 2sin‘u
Tan2u = (2tan u) / (1 — tan®u)

Strange Integrals
Fnint(tan x) = In |sec x|
Fnint(sec x) = In |sec x + tan x|

Cot u =ln|sinu|+C

Sec u=tanu+C

Csc’u=—-cotu +C
Secu*Tanu=secu+C
Cscu*Cotu=—-cscu+C

du/ (a u %2 = arcsin (u/a) + C
du/a’+u®= g1/a) arctan (u/a) + C

du/ u(u ) (1/a) arcsec (Ju|/a) + C

Strange Identities

Sin A Cos B = (sin(A - B) + sin(A + B))/2
Sin A Sin B = (cos(A - B) - cos(A + B))/2
Cos A Cos B = (cos(A - B) + cos(A +
B))/2

Sin’x + cos X = 1

1 + tanx = sec’x

Sec’x — 1 = tan x

Wronskian Stuff
— | er‘lt er2t | != 0
| re™ e

+ B, )e sin fir]

(29)

Different Types of Differential Equations

1.

7.

First Order Equations
y +p(t)y=g(t)
= o Pltdt
y =] pg/p

. Separable Equations

M(x) +N(y)y' =0
[ Mx) dx = -] N(y)dy

. Exact Equations

M(x, y) + N(x, y)y'= 0
Find y such that y, =
Y exists iff My(x, y) =

M, y, =N
Nx(X, y)

Integrating factors
Depending on both x and y

dp/dx = (My—Ny) /N *
Depending juston'y
n=[exp Q(y) dy

b?—4ac >0 rl=r
Use quadratic equation to find roots
y1=ce”
y2 = cze

y= C1er1t + Czeth

b,—4ac<0 r1l1=r2
| = Rad (4ac — b2)/ 2a
A =-bl2a
r=A4ig
rp=A—iu

y; = €”‘cos(ut)
y2 = €" 'sin(pt)

y = e™'cos(put) + e 'sin(ut)

b2 —4ac = 0 r1 =r2 =-b/2a
yi = (~b/2a) t
y _ t e (-b/2a) t
y= e( b/2a) t +te _b/2a) t

Reduction of Order
y'+pt)y +q(t)y=0

y

= Vv(t) * ya(t)

y = V(1) " ya(t) + v(t) T ya(t)

Y=V Ty + 20 * yr () *+ Vi)
y1*v
LV (27 * pyV =0

Y1

“yqi"(t)
+(2y1" + py1)V + (y1" + pys +qy)v=0

Solve this 1 order equation and integrate to
find the 2" solution

if W =0 on interval |, then f is linearly dependent for all numbers on |
if W 1= 0 on interval |, then f is linearly independent for all numbers on |

Giveny” +p(t)y' +q(t)y =0,

W(y1, y2) (1)

= c [ —exp[- p(t)dt]



