
 

 Particular Solutions to non-homogeneous equations 
 y = c1y1(t) + c2y2(t) + Y(t) 

Variation of Parameters 

Reduction of Order 
y’’ + p(t) y’ + q(t) y = 0 
y = v(t) * y1(t) 
y’ = v’(t) * y1(t) + v(t) * y’1(t) 
y’’ = v’’(t) * y1(t) + 2v’(t) * y1’(t) + v(t) * y1’’(t) 
y1 * v’’ + (2y1’ + py1)v’ + (y1’’ + py1’ + qy1)v = 0
y1 * v’’ + (2y1’ + py1)v’ = 0 
 
Solve this 1st order equation and integrate to 
find the 2nd solution 

Different Types of Differential Equations 
1.  First Order Equations 
 y’ + p(t) y = g(t) 
 µ = e∫ p(t)dt

 

 y = ∫ µg/µ 
 
2.  Separable Equations 
 M(x)  + N(y)y’ = 0 
 ∫ Mx) dx = −∫ N(y)dy 
 
3.  Exact Equations 
 M(x, y) + N(x, y)y’ = 0 
 Find ψ such that ψx = M, ψy = N 
 ψ exists iff My(x, y) = Nx(x, y) 
 
4.  Integrating factors 
 Depending on both x and y 
  dµ/dx = (My – Nx) / N * µ 
 Depending just on y 
  µ = ∫ exp Q(y) dy 
5.  b2 – 4ac > 0  r1 != r2 
 Use quadratic equation to find roots 
 y1 = c1er1t 
 y2 = c2er2t 
  

y = c1er1t + c2er2t 

 
6.  b2 – 4ac < 0  r1 != r2 
 µ = Rad (4ac – b2) / 2a 
 λ = −b/2a 
 r1 = λ + iµ 
 r2 = λ − iµ 
 y1 = eλ tcos(µt) 
 y2 = eλ tsin(µt) 
 
 y = eλ tcos(µt) + eλ tsin(µt) 
 
7.  b2 – 4ac = 0  r1 = r2 = −b/2a 
 y1 = e(−b/2a) t 

 y2 = t e(−b/2a) t 
 
 y = e(−b/2a) t + t e(−b/2a) t 

Derivatives 
Sin u = Cos u * u’ 
Cos u = –Sin u * u’ 
Tan u = sec2u * u’ 
Sec u = (Sec u * Tan u)u’ 
Csc u = – (csc u * cot u)u’ 
Cot u = – (csc2u)u’ 
Arcsin u = u’ / (1 – u2)1/2 

Arccos u = – u’ / (1 – u2)1/2 

Arctan u = u’ / 1+ u2 

Arcsec u = u’ / |u| * (u2 – 1)1/2 

Arccsc u = – u’ / |u| * (u2 – 1)1/2 

Arccot u = – u’ / 1 + u2 

Integrals 
Sin u = – cos u + C 
Cos u = sin u + C 
Tan u = – ln |cos u| + C 
Sec u = ln |sec u + tan u| + C 
Csc u = – ln |csc u + cot u| + C 
Cot u = ln |sin u| + C 
Sec2u = tan u + C 
Csc2u = – cot u + C 
Sec u * Tan u = sec u + C 
Csc u * Cot u = – csc u + C 
du / (a2 – u2)1/2 = arcsin (u/a) + C 
du / a2 + u2 = (1/a) arctan (u/a) + C 
du / u(u2 – a2)1/2 = (1/a) arcsec (|u|/a) + C

Power Reducing Formulas 
Sin2u = (1 – cos2u)/2 
Cos2u = (1 + cos2u)/2 
Tan2u = (1 – cos2u)/(1 + cos2u) 
 
Double Angle Formulas 
Sin2u = 2sinucosu 
Cos2u = cos2u – sin2u  
      = 2cos2u – 1 = 1 – 2sin2u 
Tan2u = (2tan u) / (1 – tan2u) 
 
Strange Integrals 
Fnint(tan x) = ln |sec x| 
Fnint(sec x) = ln |sec x + tan x| 
 

Strange Identities 
Sin A Cos B = (sin(A - B) + sin(A + B))/2 
Sin A Sin B = (cos(A - B) - cos(A + B))/2 
Cos A Cos B = (cos(A - B) + cos(A + 
B))/2 
Sin2x + cos2x = 1 
1 + tan2x = sec2x 
Sec2x – 1 = tan x
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Wronskian Stuff 
W = | er1t       er2t   |    != 0 
        | r1er1t    r2er2t | 
if W = 0 on interval I, then f is linearly dependent for all numbers on I 
if W != 0 on interval I, then f is linearly independent for all numbers on I 
Given y’’ + p(t) y’ + q(t) y = 0,  W(y1, y2) (t) = c ∫ −exp[- p(t)dt] 


